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a b s t r a c t
The concept of good large set of Steiner triple systems (or GLS in short) was introduced
by Lu in his paper ‘‘on large sets of disjoint Steiner triple systems’’, [J. Lu, On large sets of
disjoint Steiner triple systems, I–III, J. Combin. Theory (A) 34 (1983) 140-182]. In this paper
a doubling construction for GLSs is displayed and some existence results are obtained.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a set of v elements. A t-wise balanced design (t-BD) of order v is a pair (X,A) such that each t-subset of X is
contained in exactly one block ofA. An S(t, K , v) denotes a t-BD of order v with block sizes from the set K . An S(2, {3}, v)
is also called Steiner triple system of order v (STS(v)), while an S(3, {4}, v) is called Steiner quadruple system of order v
(SQS(v)).
It is well known that there is an STS(v) if and only if v ≡ 1 or 3 (mod 6) [3]. An SQS(v) exists if and only if v ≡ 2 or
4 (mod 6) [2].
Two STS(v)s on the same set X are said to be disjoint if they have no triples in common. A set of v − 2 pairwise disjoint
STS(v)s on the same set X is called a large set of STS(v)s and denoted by LSTS(v).
Suppose that (X,B) is an STS(v) and a, b are two distinct elements of X . Let {a, b, c} be the unique triple inB containing
a and b. If there exists a diagraph D on X \ {a, b, c} with every vertex of indegree and outdegree 1 and if its underlying
undirected graph has edge set {{x, y} : x, y ∈ X \ {a, b, c}, {a, x, y} ∈ B or {b, x, y} ∈ B}, then the 5-tuple (X, a, b,B,D)
is called a good STS(v) and denoted by GSTS(v).
A good large set of STS(v)s, denoted by GLS(v), is a collection {(X, a, b,Bi,Di) : 1 ≤ i ≤ v − 2} provided that each
(X, a, b,Bi,Di) is a GSTS(v), {(X,Bi) : 1 ≤ i ≤ v − 2} is an LSTS(v) and ∪1≤i≤v−2Di = {(x, y) : x, y ∈ X \ {a, b}, x 6= y}.
The concept of good large set was initiated by Lu in [4], where he established a recursion from an LSTS(m + 2) and a
GLS(n+ 2) to an LSTS(uv+ 2). Just as the effect exerted there, good large sets can also be used to facilitate constructions of
other sorts of large sets. So even after Lu and Teirlinck’s remarkable success in determining the spectrum of LSTSs, we still
have the motivation to consider the existence problem of good large sets of STSs.
Theorem 1.1 ([4,5,7]).
(1) There exists a large set of STS (v) if and only if v ≡ 1, 3(mod 6) and v 6= 7.
(2) [4] There exists a GLS (v) where v = 19, 21, or v ≡ 1 (mod 8) and v − 2 is a positive prime number.
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Some additional small designs of GLSs can be constructed. Here we display a GLS(15) as an example.
Example 1.2. Let X = Z13 ∪ {a, b} be the point set andB0 be the block set consisting of the following blocks:
B0 : 0 1 9 2412 51011 7 8 a 3 6 b
0 2 7 3 4 8 5 6 12 911 a 1 10 b
0 3 11 1712 6 8 10 2 5 a 4 9 b
0 4 6 1811 2 9 10 312 a 5 7 b
0 5 8 1 2 3 6 7 9 4 10 a 1112 b
01012 3 5 9 4 7 11 1 6 a 2 8 b
1 4 5 2611 3 7 10 8912 0 a b
LetD0 be the digraph on Z13 \{0} consisting of 12 edges: (7, 8), (8, 2), (2, 5), (5, 7), (11, 9), (9, 4), (4, 10), (10, 1), (1, 6),
(6, 3), (3, 12) and (12, 11). Then (X, a, b,B0,D0) is a GSTS(15). For each i ∈ Z13, defineBi = {{x+ i, y+ i, z+ i} : {x, y, z} ∈
B0} andDi = {(x+ i, y+ i) : (x, y) ∈ D0}, where the addition is taken under modulo 13 and a, b stay unchanged under the
operation. Then we obtain a collection {(X, a, b,Bi,Di) : i ∈ Z13}, a GLS(15). (Actually this is the classical example of large
set of Kirkman triple system of order 15 constructed in [1], where the rows form the parallel classes.)
Next we prove the existence of a kind of special Latin square in Section 2, which will then enable us to display a doubling
construction for GLSs in Section 3. Finally we reach a conclusion and list some notes in the last section.
2. A kind of special Latin square
A Latin square of order v (briefly by LS(v)) is a v × v array in which each cell contains a single element from a v-set S,
such that each element occurs exactly once in each row and exactly once in each column. A transversal of a Latin square of
order v is a set of v positions, no two in the same row or column, containing each of the v symbols exactly once. Suppose
that L = (aij) is an LS(v) on a set S and L′ = (bij) is an LS(v) on a set S ′. L and L′ are orthogonal if every element of S × S ′
occurs exactly once among the v2 pairs (aij, bij), 1 ≤ i, j ≤ v. As is known to us all, when v 6= 2, 6, there exists a pair of
orthogonal Latin squares. Equivalently, there exists an LS(v)with v disjoint transversals for any v 6= 2, 6.
Let L = (aij)v×v be a Latin square on a symbol set S containing v elements. We say L is idempotent if aii = i for any i ∈ S.
An idempotent Latin square of order v exists if and only if v ≥ 1, v 6= 2.
Let S be a set of v elements and H a subset of S with h elements. An incomplete Latin square having a hole H (briefly
LS(v, h)) is a v × v array, L, indexed by S, which satisfies the following properties:
(1) Every cell of L is either empty or a symbol of S;
(2) Every symbol of S occurs at most once in any row or column of L;
(3) Every cell of the subarray H × H is empty;
(4) The symbol x ∈ S occurs in row or column y if and only if (x, y) ∈ (S × S) \ (H × H).
In this section we shall construct a special kind of Latin square, which seems a little contrived but is just what we need
for the subsequent doubling construction for GLSs.
Lemma 2.1. Suppose that X and H are two finite sets with |X | = 2n, n ≥ 4, |H| = 7 and X ∩ H = ∅. Then there exists an
incomplete Latin square L = (lij) on X ∪ H with H as a hole and with a permutation pi consisting of n disjoint 2-cycles of X such
that the two equalities lgx = pi(lhx) and lxg = pi(lxh) hold for some 2-subset {g, h} of H and every element x ∈ X.
Proof. For any integer n ≥ 4 and n 6= 6, obviously there exists a Latin square of order nwith 4 disjoint transversals. And the
Latin square of order 6 defined below has also 4 disjoint transversals, where T1 = {(i, i) : 1 ≤ i ≤ 6}, T2 = {(i, i+ 1) : 1 ≤
i ≤ 5} ∪ {(6, 1)}, T3 = {(1, 3), (2, 6), (3, 5), (4, 2), (5, 1), (6, 4)} and T4 = {(1, 4), (2, 1), (3, 6), (4, 3), (5, 2), (6, 5)}.
1 3 6 2 4 5
5 2 4 6 1 3
6 1 3 5 2 4
3 5 1 4 6 2
4 6 2 3 5 1
2 4 5 1 3 6
So we can suppose that for n ≥ 4, A = (aij) is an LS(n) on In = {1, 2, . . . , n} with 4 disjoint transversals T1, T2, T3 and T4,
where T1 consists of all the main diagonal entries.
Let X = In × I2, H = {∞1,∞2, . . . ,∞7} and C = (cij) be any LS(2) on I2 = {1, 2}. Further define 4 incomplete Latin
squares B(k) = (b(k)ij ) on I2 ∪ {∞2k−1,∞2k} for k = 1, 2, 3 and on I2 ∪ {∞7} for k = 4 as follows:
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∞1 ∞2 1 2
∞2 ∞1 2 1
1 2
2 1
B(1)
∞3 ∞4 1 2
∞4 ∞3 2 1
1 2
2 1
B(2)
∞5 ∞6 1 2
∞6 ∞5 2 1
1 2
2 1
B(3)
1 ∞7 2
∞7 2 1
2 1
B(4)
We now construct an incomplete Latin square L = (lαβ) on X ∪ H with H as the hole. Denote Jr = {2r − 1, 2r} for
1 ≤ r ≤ 3 and J4 = {7}. Define the subarray H × H to be empty and
l(i,s),(j,t) = (aij, b(r)st ), where (i, j) ∈ Tr , 1 ≤ r ≤ 4, and if b(r)st ∈ H , omit the first component;
l(i,s),(j,t) = (aij, cst), where (i, j) 6∈ ∪1≤r≤4 Tr ;
l(i,s),∞j = (aik, b(r)s,∞j), where j ∈ Jr and (i, k) ∈ Tr , 1 ≤ r ≤ 4;
l∞j,(i,s) = (aki, b(r)∞j,s), where j ∈ Jr and (k, i) ∈ Tr , 1 ≤ r ≤ 4.
It is readily checked that L is an LS(2n+ 7, 7). Let pi = Π1≤i≤n((i, 1) (i, 2)) be a permutation of X . By the definition of L,
we have l∞2,(i,s) = (aii, b(1)∞2,s) = (i, s + 1) and l∞1,(i,s) = (aii, b(1)∞1,s) = (i, s), where (i, s) ∈ X and s + 1 is reduced to I2.
Thus l∞2,(i,s) = pi(l∞1,(i,s)) holds for any (i, s) ∈ X . Similarly, l(i,s),∞2 = pi(l(i,s),∞1) also holds. This completes the proof. 
Lemma 2.2. Let α be a permutation of the set I2n−1 = {1, 2, . . . , 2n − 1} such that α(1) = 2, α(2) = 3, α(3) = 1, and for
each 2 ≤ i ≤ n− 1, α(2i) = 2i+ 1, α(2i+ 1) = 2i. For v = 2n− 1 and n ≥ 4, there exists a Latin square of order v, B = (bij),
with two rows and two columns given as follows:
(1) bv−1,j = j for any 1 ≤ j ≤ v;
(2) bv,j = α(j) for any 1 ≤ j ≤ v;
(3) bi,v−2 = i for any 1 ≤ i ≤ v − 4;
(4) bi,v−1 = α(i) for any 1 ≤ i ≤ v − 4;
(5) bv−3,v−2 = 2n− 2, bv−3,v−1 = 2n− 3, bv−2,v−2 = 2n− 1, and bv−2,v−1 = 2n− 4.
Proof. First for 4 ≤ n ≤ 7, we can give a direct construction of an LS(2n − 1) as desired (the details are omitted).
Next for n ≥ 8, by Lemma 2.1 there exists an incomplete Latin square of order 2n − 1 on the set I2n−1 with H =
{1, 2, 3, 2n− 4, 2n− 3, 2n− 2, 2n− 1} as a hole and the form of the Latin square is listed as follows:
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 4 5
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 5 4
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 6 7
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 7 6
.
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∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 6 2n− 5
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 5 2n− 6
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
4 5 6 7 · · · 2n− 6 2n− 5
5 4 7 6 · · · 2n− 5 2n− 6
Simply fill in the empty subarray with the following LS(7) on H , then after permutating some rows and columns we can
obtain the desired Latin square.
3 2n−3 2n−1 2n−2 2n−4 1 2
2n−4 2n−1 2n−2 1 2n−3 2 3
2n−2 2n−4 2n−3 2n−1 2 3 1
2n−1 1 2n−4 2 3 2n−2 2n−3
2n−3 2n−2 2 3 1 2n−1 2n−4
1 2 3 2n−4 2n−1 2n−3 2n−2
2 3 1 2n−3 2n−2 2n−4 2n−1

3. Doubling construction for GLSs
In this sectionwewill develop a doubling construction for GLSs similar to that in [6]. An auxiliary large set called overlarge
set will also be utilized.
An overlarge set of STS(v)s, denoted by OLSTS(v), is a collection {(X \ {x},Bx) : x ∈ X}, where X is a (v + 1)-set, each
(X \ {x},Bx) is an STS(v) and⋃x∈X Bx is precisely all the triples of X . Suppose that (X,B) is an SQS(v+ 1). For each x ∈ X ,
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define Bx = {B \ {x} : x ∈ B, B ∈ B}. Then the collection {(X \ {x},Bx) : x ∈ X} is an overlarge set of STS(v)s, which is
called the derived OLSTS(v) from the SQS(v + 1).
A k-good set of 1-factors means a set of k edge-disjoint 1-factors whose union forms a bipartite graph. A
1-factorization of the complete graph K2n is said to be {k1, k2}-good if it contains both a k1-good set and a k2-good set
of 1-factors and meanwhile the two good sets are disjoint. It is implied in the proof of [6, Lemma 1] that a {3, 4}-good
1-factorization of K2n exists if n ≥ 6 and n 6= 7. For a set S of size 2n(n ≥ 6, n 6= 7), suppose that F (S) =
{F1(S), F2(S), . . . , F2n−1(S)} is a {3, 4}-good 1-factorization of K2n with vertex set S, where {F1(S), F2(S), F3(S)} is a 3-good
set and {F2n−4(S), F2n−3(S), F2n−2(S), F2n−1(S)} is a 4-good set. Then we can define 2n− 1 directed 2-factors of the directed
complete graph
−→
K 2n with vertex set S (which means that for any two distinct points x, y ∈ S there exist in −→K 2n a unique
arc from x to y and a unique arc from y to x). For a digraph
−→
G , we always denote by
←−
G the digraph consisting of all the arcs
in {(a, b) : (b, a) ∈ −→G }, where (b, a) ∈ −→G means that (b, a) is an arc of−→G .
First orient the edges of Fi(S)(i = 1, 2, 3) to form a digraph−→F i(S) in such a way that each of the three directed 2-factors
Ti(S)(i = 1, 2, 3) defined by T1(S) = −→F 1(S)∪←−F 2(S), T2(S) = −→F 2(S)∪←−F 3(S) and T3(S) = −→F 3(S)∪←−F 1(S) has all vertices
of indegree and outdegree 1, and no arc is in common between any two of them (the bipartiteness of F1(S) ∪ F2(S) ∪ F3(S)
ensures that this can be done).
Next, for 2 ≤ j ≤ n−1, orient each edge of Fi(S)(i = 2j, 2j+1) to obtain a diagraph−→F i(S)(i = 2j, 2j+1) such that each
of the two directed 2-factors defined by T2j(S) = −→F 2j(S) ∪←−F 2j+1(S) and T2j+1(S) = ←−F 2j(S) ∪ −→F 2j+1(S) has every vertex
of indegree and outdegree 1. Furthermore, since
⋃
2n−4≤i≤2n−1 Fi(S) is a bipartite graph, we can assign the orientation of−→
F i(S)(2n−4 ≤ i ≤ 2n−1) such that each of the digraphsR1(S) =←−F 2n−3(S)∪−→F 2n−2(S) andR2(S) = −→F 2n−4(S)∪←−F 2n−1(S)
has every vertex also of indegree and outdegree 1 (note that R1(S) ∪ R2(S) = T2n−4(S) ∪ T2n−2(S)).
It is immediate that {Ti(S) : 1 ≤ i ≤ 2n − 1} is a 2-factorization of −→K 2n with vertex set S. We call it a 2-factorization
associated with the {3, 4}-good 1-factorization F (S).
With the previous conventions, we can present a doubling construction for GLSs.
Theorem 3.1. For v ≥ 11 and v 6= 13, if there exists a GLS (v), then there exists a GLS (2v + 1).
Proof. The existence of a GLS(v) requires that v ≡ 1 or 3 (mod 6). Let v+1 = 2n,X = {x1, x2, . . . , xv}, Y = {1, 2, . . . , v+1}
and X ∩ Y = ∅. Let {(X, xv−2, xv−1,Ai,Di) : 1 ≤ i ≤ v − 2} be a GLS(v) and {(Y \ {i},Bi) : i ∈ Y } be an overlarge set of
STS(v)s derived from an SQS(v + 1).
Since |Y | = 2n ≥ 12 and |Y | 6= 14, there exists a 2-factorization T (Y ) = {Ti(Y ) : 1 ≤ i ≤ 2n − 1} of −→K 2n with Y as
vertex set associated with the {3, 4}-good 1-factorization F (Y ) = {Fi(Y ) : 1 ≤ i ≤ 2n − 1}. In addition, we suppose that
the first three directed 2-factors Ti(Y )(1 ≤ i ≤ 3) are obtained from the 3-good set {Fi(Y ) : 1 ≤ i ≤ 3} and the last four
directed 2-factors Ti(Y )(2n− 4 ≤ i ≤ 2n− 1) are from the 4-good set {Fi(Y ) : 2n− 4 ≤ i ≤ 2n− 1}. In particular, the two
directed 2-factors R1(Y ) = ←−F 2n−3(Y ) ∪ −→F 2n−2(Y ) and R2(Y ) = −→F 2n−4(Y ) ∪←−F 2n−1(Y ) have all the vertices of indegree
and outdegree 1.
According to T (Y ), we define a Latin square A = (aij) on Y as follows:
(1) ar,j = s if (r, s) ∈ Tj(Y ) for 1 ≤ j ≤ 2n− 1 and 1 ≤ r, s ≤ 2n;
(2) ar,2n = r for 1 ≤ r ≤ 2n.
Further let X ′ = X ∪{∞} (where∞ is a new symbol) andF (X ′) = {Fj(X ′) : 1 ≤ j ≤ 2n−1} be any 1-factorization of K2n
with vertex setX ′.Without loss of generality, we can assume that {xv−2, xv−1} ∈ F1(X ′) and {xj,∞} ∈ Fj(X ′)(1 ≤ j ≤ 2n−1).
For each i ∈ Y , define Xi = X ∪ {i} and denote by F (Xi) = {Fj(Xi) : 1 ≤ j ≤ 2n − 1} the 1-factorization of K2n with vertex
set Xi obtained fromF (X ′) by replacing simply in each factor Fj(X ′) the element∞ by the element i, and leaving everything
else unchanged.
Let B = (bij) be a Latin square of order v = 2n − 1 on the set Iv which is defined in Lemma 2.2 with two rows and two
columns given as follows:
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 1 2 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2 3 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 3 1 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 4 5 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 5 4 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 6 7 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 7 6 ∗
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 6 2n− 5 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 5 2n− 6 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 2 2n− 3 ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 2n− 1 2n− 4 ∗
1 2 3 4 5 6 7 · · · 2n− 6 2n− 5 2n− 4 2n− 3 2n− 2 2n− 1
2 3 1 5 4 7 6 · · · 2n− 5 2n− 6 2n− 3 2n− 4 2n− 1 2n− 2
We shall construct 2v − 1 pairwise disjoint GSTS(2v + 1)s on X ∪ Y in the following two parts.
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Part 1. For each i ∈ Y , define
Ci = {{r, s, aij} : {r, s} ∈ Fj(Xi), 1 ≤ j ≤ 2n− 1},
Hi = Bi ∪ Ci,
and
Mi = {(r, aij) : r ∈ Xi \ {xv−2, xv−1}, {xv−2, r} ∈ Fj(Xi), 2 ≤ j ≤ 2n− 1}
∪{(aij, s) : s ∈ Xi \ {xv−2, xv−1}, {xv−1, s} ∈ Fj(Xi), 2 ≤ j ≤ 2n− 1}.
Part 2. For each 1 ≤ i ≤ v − 2, define
Ei = {{xj, r, s} : {r, s} ∈ Fbij(Y ), 1 ≤ j ≤ 2n− 1},
Gi = Ai ∪ Ei.
For 1 ≤ i ≤ v − 4, define
Ni = Ti(Y ) ∪Di.
Further define
Nv−3 = R1(Y ) ∪Dv−3,
Nv−2 = R2(Y ) ∪Dv−2.
It remains to check that {(X ∪ Y , xv−2, xv−1,Hi,Mi) : i ∈ Y } ∪ {(X ∪ Y , xv−2, xv−1,Gi,Ni) : 1 ≤ i ≤ v − 2} is a
GLS(2v + 1).
(1) Each (X ∪ Y , xv−2, xv−1,Hi,Mi)(i ∈ Y ) is a GSTS(2v + 1).
First the number of the blocks in eachHi is
(v + 1)v
2
+ v(v − 1)
6
= (2v + 1)2v
6
,
just the number of blocks required in a GSTS(2v + 1).
Next we distinguish three cases to show that every pair P = {r, s} of X ∪ Y is contained in some block ofHi(i ∈ Y ).
Case 1: P = {r, s}, where r, s ∈ Y \ {i} and r 6= s. Since (Y \ {i},Bi) is an STS(v), P = {r, s} is contained in some block of
Bi ⊂ Hi.
Case 2: P = {r, s}, where r, s ∈ Xi and r 6= s. Since {Fj(Xi) : 1 ≤ j ≤ 2n − 1} is a 1-factorization of K2n with vertex set Xi,
there exists some j, 1 ≤ j ≤ 2n − 1, such that {r, s} ∈ Fj(Xi). Consequently P = {r, s} is contained in the block {r, s, aij} of
Ci ⊂ Hi.
Case 3: P = {r, s}, where r ∈ Xi and s ∈ Y \ {i}. By the definition of the Latin square A, there exists some j, 1 ≤ j ≤ 2n− 1,
such that aij = s. Accordingly there is an edge {a, r} ∈ Fj(Xi). Then P = {r, s} is contained in the block {a, r, s} of Ci ⊂ Hi.
Finally, since {xv−2, xv−1} ∈ F1(Xi), the triple {xv−2, xv−1, ai1} ∈ Ci. For each r ∈ Xi \ {xv−2, xv−1}, there exists some
2 ≤ j ≤ 2n − 1 such that {xv−2, r} ∈ Fj(Xi), so {xv−2, r, aij} ∈ Ci. By the definition of Mi, (r, aij) ∈ Mi. For each
r ∈ Y \ {i, ai1}, there exists some 2 ≤ j ≤ 2n − 1 such that aij = r . Assume that {xv−1, s} ∈ Fj(Xi). We have s 6= xv−2 for
j > 1. Then {xv−1, s, r} = {xv−1, s, aij} ∈ Ci and (r, s) ∈Mi by the definition ofMi. ThusMi is a diagraph with every vertex
indegree and outdegree 1 and its underlying undirected graph is just {{x, y} : x, y ∈ X \ {xv−2, xv−1, ai1}, {xv−2, x, y} ∈ Hi
or {xv−1, x, y} ∈ Hi}. Consequently each (X ∪ Y , xv−2, xv−1,Hi,Mi) is a good STS(2v + 1).
(2) By similar arguments as in (1), each (X ∪ Y , xv−2, xv−1,Gi,Ni)(i ∈ Y ) is also an STS(2v + 1).
For 1 ≤ i ≤ v−2, it is easily checked that {{x, y} : x, y ∈ Y , {xv−2, x, y} ∈ Ei or {xv−1, x, y} ∈ Ei} = {Fbi,v−2(Y ), Fbi,v−1(Y )},
which is exactly the underlying graph of Ti(Y ) (when 1 ≤ i ≤ v − 4), R1(Y ) (when i = v − 3) or R2(Y ) (when i = v − 2).
Together with the fact that (X, xv−2, xv−1,Ai,Di) is a good STS, we conclude that each (X ∪ Y , xv−2, xv−1,Gi,Ni) is a good
STS(2v + 1).
(3) The collection {(X ∪ Y ,Hi) : i ∈ Y } ∪ {(X ∪ Y ,Gi) : 1 ≤ i ≤ v − 2} forms a large set.
We show that every triple C = {r, s, t} of X ∪ Y is contained in some Hi(i ∈ Y ) or in some Gi(1 ≤ i ≤ v − 2). The
following cases exhaust all the possibilities.
Case 1: C = {r, s, t}, where r, s, t are three distinct elements of X . Since {(X,Ai) : 1 ≤ i ≤ v− 2} is an LSTS(v), there exists
some i, 1 ≤ i ≤ v − 2, such that C = {r, s, t} ∈ Ai ⊂ Gi.
Case 2: C = {r, s, t}, where r, s, t are three distinct elements of Y . Since {(Y \ {i},Bi) : i ∈ Y } is an OLSTS(v), there exists
some i, i ∈ Y , such that C = {r, s, t} ∈ Bi ⊂ Hi.
Case 3: C = {r, s, t}, where r, s ∈ X , r 6= s and t ∈ Y . Since {Fj(X ′) : 1 ≤ j ≤ 2n− 1} is a 1-factorization on K2n with vertex
set X ′, there exists some j, 1 ≤ j ≤ 2n − 1, such that {r, s} ∈ Fj(X ′). Since A is a Latin square, there is some i, 1 ≤ i ≤ 2n,
such that aij = t . By the definition of F (Xi), we have {r, s} ∈ Fj(Xi). Thus C = {r, s, t} = {r, s, aij} ∈ Ci ⊂ Hi.
Case 4: C = {xj, s, t}, where xj ∈ X , 1 ≤ j ≤ 2n−1, s, t ∈ Y and s 6= t . There is some 1 ≤ i ≤ 2n−1 such that {s, t} ∈ Fbi,j(Y ).
We distinguish two cases of i.
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(a) 1 ≤ i ≤ v − 2. By the definition of Ei, C ∈ Ei ⊂ Gi.
(b) i = v− 1 or i = v. We have {s, t} ∈ Fbv−1,j(Y )∪ Fbv,j(Y ), the underlying graph of Tj(Y ). So (s, t) or (t, s) ∈ Tj(Y ). Thus
asj = t or atj = s. Since {xj, s} ∈ Fj(Xs) and {xj, t} ∈ Fj(Xt), C = {xj, s, asj} ∈ Cs ⊂ Hs or C = {xj, t, atj} ∈ Ct ⊂ Ht .
(4) {(X ∪ Y , xv−2, xv−1,Hi,Mi) : i ∈ Y } ∪ {(X ∪ Y , xv−2, xv−1,Gi,Ni) : 1 ≤ i ≤ v − 2} is a good large set.
We show that every ordered pair P = (r, s) of (X∪Y )\{xv−2, xv−1} is contained in someMi (i ∈ Y ) orNi (1 ≤ i ≤ v−2).
There are 4 cases altogether.
Case 1: P = (r, s), r 6= s ∈ X \ {xv−2, xv−1}. Since (X, xv−2, xv−1,Ai,Di) is a good STS, P is contained in some Di ⊂ Ni
(1 ≤ i ≤ v − 2).
Case 2: P = (r, s), r 6= s ∈ Y . There is some 1 ≤ i ≤ 2n− 1 such that (r, s) ∈ Ti(Y ). 4 subcases of i are distinguished below.
(a) 1 ≤ i ≤ 2n− 5. Obviously (r, s) ∈ Ni.
(b) i = 2n− 4, 2n− 2. Obviously (r, s) ∈ N2n−4 ∪N2n−3.
(c) i = 2n − 3 = v − 2. By the definitions of the Latin square A and the 1-factorization F (Xr), we have s = ar,v−2 and
{xv−2, r} ∈ Fv−2(Xr). So {xv−2, r, s} = {xv−2, r, ar,v−2} ∈ Cr and correspondingly (r, s) ∈ Mr according to the definition
ofMr .
(d) i = 2n − 1 = v. By the definitions of the Latin square A and the 1-factorization F (Xs), we have s = ar,v , r = as,v−1
and {xv−1, s} ∈ Fv−1(Xs). So {xv−1, s, r} = {xv−1, s, as,v−1} ∈ Cs and (r, s) ∈ Ms by the definition ofMs.
Case 3: P = (r, s), r ∈ X \ {xv−2, xv−1}, s ∈ Y . In this case there is some 2 ≤ j ≤ 2n − 1 such that {xv−2, r} ∈ Fj(X ′)
(note the assumption of {xv−2, xv−1} ∈ F1(X ′)) and there is some 1 ≤ i ≤ 2n such that aij = s. Thus {xv−2, r} ∈ Fj(Xi),
{xv−2, r, s} = {xv−2, r, aij} ∈ Ci and as a result (r, s) ∈Mi.
Case 4: P = (r, s), r ∈ Y , s ∈ X \ {xv−2, xv−1}. There is some 2 ≤ j ≤ 2n− 1 such that {xv−1, s} ∈ Fj(X ′) and there is some
1 ≤ i ≤ 2n such that aij = r . Thus {xv−1, s} ∈ Fj(Xi), {xv−1, s, r} = {xv−1, s, aij} ∈ Ci and as a result (r, s) ∈Mi.
It follows that {(X ∪ Y , xv−2, xv−1,Hi,Mi) : i ∈ Y } ∪ {(X ∪ Y , xv−2, xv−1Gi,Ni) : 1 ≤ i ≤ v − 2} is a GLS(2v + 1). 
By iteratively using the construction in Theorem 3.1, we can easily obtain the following corollary.
Corollary 3.2. For integers n ≥ 1, v ≥ 11 and v 6= 13, if there exists a GLS (v), then there exists a GLS (2n(v + 1)− 1).
4. Concluding remarks
Infinite existence classes of GLSs may be obtained directly by combining Theorem 1.1, Example 1.2 with Corollary 3.2.
Theorem 4.1. For any nonnegative integer n, there exist GLS (2n+4−1), GLS (2n+2 ·5−1), GLS (2n+1 ·11−1) and GLS (2n ·u−1)
where u ≡ 2 (mod 8) and u− 3 is a positive prime number.
Clearly there is a trivial GLS(3) but no GLS(7) because of the nonexistence of LSTS(7). And a GLS(9) exists by Theorem 1.1.
So the smallest unknown design is GLS(13). We spent much time on computer search but achieved no positive result. Much
attention is expected on its construction.
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